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Abstract 
Lipase bioseparation can be achieved via biospecific affinity chromatography (BAC), whose governing equations need numerical 
methods. BAC load step has been simulated via lattice Boltzmann method (LBM) by imposing Dirichlet condition to fluid-phase 
adsorbate concentration at column inlet. One may instead impose Danckwerts condition and the goal of this work was to compare 
breakthrough curves simulated via LBM under each condition above. A dynamic 1-D model was adopted comprising Langmuir 
adsorption-desorption kinetics and convective-diffusive transport. D1Q2 lattice was used and particle distribution functions were 
assigned to adsorbate concentrations in fluid and solid phases. Numerical breakthrough curves were compared with experimental 
data and the expected “S” shape was reproduced in LBM simulations. In convective-dominant scenarios no clear effect was noted 
when one condition type was replaced by the other. Differences became evident in diffusion-dominant scenarios and Danckwerts 
inlet condition should be imposed in diffusion-dominant scenarios as experimental data were simulated better. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICCHMT2016. 
Keywords: Computational modeling; lattice Boltzmann method; mass transfer; porous medium; bioseparation 
1. Introduction 
Much attention has been paid to lipases (i.e. enzymes that catalyze the hydrolysis of lipids) in view of their 
industrial and medical applications [1]. High-degree purification of lipases can be achieved via biospecific affinity 
chromatography (BAC), whose mathematical models are complex enough to justify numerical solution methods [2-
5]. Modeling and simulation of bioprocesses have augmented not only because their importance has been recognized 
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but also as suitable techniques have been developed and applied [6]. 
Lattice-Boltzmann method (LBM) was envisaged by McNamara and Zanetti [7] as a spin-off of lattice gas 
cellular automata (LGCA) [8] and it has become a promising numerical technique to simulate food and bioprocesses 
[9] such as chromatography [10,11]. By means of LBM one is able to simulate fluid flow and transport phenomena 
without directly solving Navier-Stokes equations, which leads to relatively simpler computational codes [12]. 
As part of ongoing research on LBM simulation of bioprocesses, BAC load step has been investigated by relying 
on a dynamic 1-D model framework [13]. Besides Langmuir adsorption-desorption kinetics, the model has also 
comprised differential equations for species (adsorbate) concentrations in fluid and solid phases [14]. As diffusive 
mass transport is considered in the fluid phase, two boundary conditions are necessary and Dirichlet condition has 
been imposed at column inlet [13,14]. In previous numerical tests against a classic BAC work on lysozyme [15], the 
imposition of Danckwerts condition [16] was also imposed and the effects on breakthrough curves were examined 
by means of LBM simulations of convective-dominant and diffusive-dominant transport scenarios [17]. 
The goal of this work was to extend aforesaid initial numerical tests towards lipase bioseparation studied in [18]. 
Accordingly, LBM simulations were performed by imposing either Danckwerts or Dirichlet condition at the column 
inlet. Effects on breakthrough curves were examined via LBM simulations with different adsorbate diffusivities in 
the fluid phase and two disputable values of the maximum adsorption capacity of the chromatographic column. 
 
Nomenclature 
Latin symbols, units 
f particle distribution function related to fluid-phase concentration, dimensionless 
kads adsorption kinetic coefficient, m3/(Us) 
kdes desorption kinetic coefficient, s1 
Pem mass-transfer Péclet number, dimensionless 
r  adsorbate transfer rate, mol/(m3s) 
s particle distribution function related to solid-phase concentration, dimensionless 
v interstitial fluid velocity, m/s 
w weighting factors, dimensionless 
 
Greek symbols, units 
H bed porosity, dimensionless 
I adsorbate concentration in fluid phase, U/m3 
T adsorbate concentration in solid phase, U/m3 
Z relaxation parameter, dimensionless 
 
Subscripts and superscripts 
eq equilibrium distribution function 
f fluid phase 
k lattice link (for streaming) 
max maximum adsorption capacity of the column 
relax relaxation time 
s solid phase 
1 forward (downward) streaming direction 
2 backward (upward) streaming direction 
2. Mathematical model 
BAC models have invoked Langmuir kinetics (i.e. 2nd-order adsorption and 1st-order desorption kinetics), species 
(i.e. adsorbate) transport by convection and/or diffusion, and constant volumetric flow rate V  of the downward 
percolating solution [19]. Moreover, chromatographic columns have been modeled as cylindrical stratified fixed 
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beds with radius R and length L. Being z the axial coordinate downward oriented (in view of the percolating 
solution), column inlet is at z = 0 while outlet is at z = L. The interstitial fluid velocity v is defined as: 
)()( 2RVAVv HS H   (1) 
By assuming uniform porosity H over the column, this velocity v results constant and uniform. 
In dynamic 1-D models of BAC load step, physical quantities are functions of time t and coordinate z (usually the 
column axis). In this work, adsorbate (lipase) concentrations are indicated as I(z,t) and T(z,t) respectively in fluid 
and solid phases. For comprehensiveness, diffusive transport is accounted in the fluid phase and let r  be the local 
net rate at which adsorbate is transferred from fluid to solid phase. Governing differential equations are proposed as: 
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where kads and kdes are respectively adsorption and desorption kinetic coefficients, Tmax is the maximum adsorption 
capacity of the chromatographic column, and D is adsorbate diffusivity in the fluid phase. 
At the beginning of BAC load step, initial conditions have been imposed (for 0 d z d L) as: 
0)0,(and0)0,(  I T zz  (4) 
As Eq. (2) lacks derivatives with respect z, it does not require boundary conditions. Conversely, Eq. (3) needs two 
boundary conditions (for t > 0). Null Neumann condition has been usually prescribed at column exit (z = L): 
0 w
Iw
 Lzz
 (5) 
Let Iin ≠ 0 be the adsorbate concentration in the feed solution. At column inlet (z = 0), some BAC models have 
imposed Dirichlet condition [4,20,21], namely: 
in),0( I I t  (6) 
Other models have imposed Danckwerts condition [22-24], namely: 
0
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 w
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zz
Dtvv  (7) 
which simplifies to Dirichlet condition for D = 0 (i.e. for null diffusive transport in the fluid phase). 
3. Numerical method 
3.1. Lattice Boltzmann method (LBM) 
LBM treats any macroscale medium as comprised by a set of fictitious constituent particles in a discrete space, 
namely a fictitious lattice. In discrete time steps 't, such particles stream (move) through the lattice links defined by 
the lattice structure. As particles arrive at lattice sites from different links, they mutually collide and their velocities 
become rearranged for ensuing streaming-collision processes. LBM relies on a distribution function ),,( tcrf GG  which 
gives, at time t, the population of particles about position r
G
 with velocities between c
G
 and cc
GG
d . From suitable 
moments of function f one may retrieve observable properties like flow velocity and species concentration [8,9,12]. 
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Function f is ruled by Boltzmann transport equation which in the absence of external forces reads as [8]: 
relax
eq )()(with,)( tfffffc
t
f ' :: w
w G
 (8) 
The right-hand side of the previous equation invokes BGK approach (after Bhatnagar-Gross-Krook) for the collision 
operator :. It means that particles tend to the equilibrium values feq of the distribution function (namely, values from 
Maxwell-Boltzmann distribution) at a rate set by the relaxation time 'trelax [25]. 
LBM numerically solves Eq. (8) written for each link k in the fictitious lattice, when it becomes known as lattice 
Boltzmann equation (LBE). In LBM, lattices have been identified as DnQm, where n is the problem dimension (e.g. 
n = 1 = 1-D) and m refers to the speed model (= number of distribution functions fk assigned to each observable 
property being numerically solved). Lattices for LBM simulations are depicted elsewhere [8,9,12]. 
Space-time discretization of LBE-BGK renders an algebraic equation whose evolution is completed in 2 iterative 
steps [12]. During the collision step (time evolution), distribution functions fk are updated at all lattice sites from 
instant t to t + 't. Eventual source or sink terms are introduced at this iterative step. In the streaming step (space 
evolution), collision results are propagated to adjacent sites, which are separated by 'zk in the lattice structure. 
As exemplified ahead for BAC load step, observable properties are connected to LBM simulation by means of 
the equilibrium distribution function feq and the relaxation parameter Z = 'trelax/'t. The former dictates the transport 
phenomenon (e.g. mass transfer) while the latter sets the related transport coefficient (e.g. mass diffusivity). 
3.2. LBM simulation of BAC load step 
At its current development stage, the LBM simulator has used D1Q2 lattice and code lines following [12]. LBM 
simulation of BAC load step requires distribution functions for adsorbate concentrations in solid and fluid phases. In 
this work, those distribution functions are indicated as sk(z,t) and fk(z,t) respectively in solid and fluid phases. At any 
time t and position z in the chromatographic column, one is able to retrieve aforesaid concentrations simply as: 
),(),(),(and),(),(),( 2121 tzftzftztzstzstz  I T  (9) 
where k = 1 and k = 2 refer to forward and backward streaming directions, respectively. 
By recalling that the solid phase remains stationary while diffusive-convective mass transport takes place in the 
fluid phase, equilibrium distribution functions were adopted as [12]: 
  ztvtzwtzftzwtzs kkkk '' rI T Ma,Ma1),(),(and),(),( eqeq  (10) 
The sign before lattice-based Mach number (Ma) is positive for forward (k = 1) and negative for backward (k = 2) 
streaming. Weighting factors wk are the same for both functions eqks  and 
eq
kf , namely w1 = w2 = 1/2 (D1Q2 values). 
For models invoking mass diffusion, the relaxation factor Z is related to the mass diffusivity D [12]. In view of 
the 1-D approach adopted in this work, relaxation factors Zs and Zf respectively for solid and fluid phases become: 
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where Pem = v'z/D is lattice-based Péclet number for mass (i.e. species) transfer. As Eq. (2) explicitly lacks mass 
diffusion, solid-phase value Zs = 2 was obtained by imposing D = 0 (or equivalently Pem o f) [13]. 
Bearing in mind the source and sink terms in Eqs. (2) and (3), LBM collision steps were implemented as: 
    HH'ZZ ''ZZ ' 1eqffeqss ),(),(1),(and),(),(1),( rtwtzftzfttzfrtwtzstzsttzs kkkkkkkk  (12) 
As Eq. (2) lacks derivatives with respect to coordinate z, the streaming step concerning solid-phase functions sk was 
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suppressed in the LBM code [13]. Conversely, the streaming step was implemented for fluid-phase functions fk as: 
),(),( ttzfttzzf kkk ' ''  (13) 
In line with [12], initial conditions for particle distribution functions were implemented as: 
)0,()0,(and)0,()0,( zwZfzwzs kkkk I T  (14) 
with concentrations T(z,0) and I(z,0) being set by Eq. (4). 
In order to implement null Neumann condition at the column exit (z = L), one initially relies on Eq. (9) together 
with 1st-order finite-differences approach of wI/wz, namely: 
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In the previous equation f1(L,t) = f1(L'z,t) due to forward streaming while Eq. (5) imposes wI/wz = 0. Hence, one 
obtains the following boundary condition at the column exit: 
),(),( 22 tzLftLf '  (16) 
At inlet, one obtains f2(0,t) = f2(0+'z,t) via backward streaming so that f1(0,t) is the unknown. By invoking flux 
conservation [12] together with Eqs. (6) and (9), Dirichlet inlet condition was implemented in the LBM code as: 
),0(),0(),0(),0( 2in21 tftfttf I I  (17) 
In order to implement Danckwerts inlet condition, 1st-order finite-differences approach of wI/wz was again invoked 
together with Eq. (9), namely: 
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where backward streaming sets both f2(0,t) and f2('z,t) whereas forward streaming provides f1('z,t). By inserting the 
equation above into Eq. (7) and manipulating for f1(0,t), one obtains the expression for Danckwerts inlet condition: 
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4. Results and discussion 
The LBM simulator of BAC has been programmed in Fortran 90/95 and it is able to provide breakthrough curves 
at column exit, which are mathematically defined as I(L,t)/Iin. In the present work, LBM simulations were carried 
out to verify the effects on numerical breakthrough curves when either Dirichlet or Danckwerts condition is imposed 
to the fluid-phase adsorbate concentration at column inlet. LBM-simulated breakthrough curves were compared with 
experimental data from an existing BAC work on lipase bioseparation [18]. 
Table 1 presents BAC parameters from [18] which were adopted in LBM simulations performed in this work. 
Adsorption kinetic coefficient kads as well as adsorbate (lipase) concentrations T and I are expressed in terms of 
enzymatic activity unit (1 U = 1 Pmol of fatty acids released per minute). By inserting the values from Table 1 for R, 
H and V  into Eq. (1), the interstitial fluid velocity results as v # 2.5 u 104 m/s (= 0.025 cm/s). 
In fact, different values for the maximum adsorption capacity were studied in [18] other than Tmax = 98.9 U/cm3 
from Table 1. This value was obtained through best-fit of Langmuir adsorption-desorption kinetic equation against 
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experimental data in fully-mixed batch reactor [26]. Yet, one may claim for higher Tmax values in continuous-flow 
BAC processes [14]. In addition, some BAC models [20,21] have neglected mass diffusion in the fluid phase, which 
means to assume D = 0 (or equivalently Pem o f). On the other hand, diffusive transport has been considered in the 
fluid phase since initial versions of the LBM simulator in view of model comprehensiveness [13]. 
Table 1. BAC parameters from lipase bioseparation study [18] used for LBM simulations in this work. 
BAC parameter Value 
Chromatographic column length L = 3.2 cm = 0.032 m 
Chromatographic column radius R = 0.8 cm = 0.008 m 
Fixed-bed porosity H = 0.5 (dimensionless) 
Volumetric flow rate of the percolating solution V = 0.0251 cm3/s = 2.51 u 108 m3/s 
Adsorbate concentration in the feed solution Iin = 9.52 U/cm3 = 9.52 u 106 U/m3 
Maximum adsorption capacity of the column Tmax = 98.9 U/cm3 = 9.89 u 107 U/m3 
Adsorption kinetic coefficient kads = 0.001 cm3/(Us) = 1.0 u 109 m3/( Us) 
Desorption kinetic coefficient kdes = 0.00233 s1 
 
As suggested in [14], one might consider that some values in Table 1 are tentative. For that reason, the present 
work performed LBM simulations by adopting a number of mass (i.e. species) diffusivities D combined with two 
opposing values of maximum adsorption capacity, namely the lowest (Tmax = 98.9 U/cm3) and the largest (Tmax = 
138.5 U/cm3) value tested in [26]. On the other hand, different values of the kinetic coefficients kads and kdes were not 
tested in the present work. Finally, LBM parameters were set as 'z = 0.01 cm (= 0.0001 m) and 't = 0.05 s in order 
to ensure low lattice-based Mach number [12], namely Ma = v't/'z = 0.125. 
By using Tmax = 98.9 U/cm3 while imposing either Danckwerts or Dirichlet condition at the column inlet, LBM 
simulations were performed with the following mass diffusivities D (in cm2/s): 1.0 u 105, 1.0 u 104, 1.0 u 103, 1.0 
u 102, 1.0 u 101, and 5.0 u 101. Those LBM simulations were grouped into (a) convective-dominant (i.e. D d 103 
cm2/s) and (b) diffusive-dominant (i.e. D > 103 cm2/s) scenarios. Figures 1(a) and 1(b) compare experimental 
breakthrough curves from [18] with counterparts numerically simulated via LBM by imposing either Dirichlet or 
Danckwerts condition at column inlet. 
 
(a) 
 
(b) 
 
Figure 1. Experimental [18] and LBM-simulated breakthrough curves (with Danckwerts or Dirichlet inlet condition) for Tmax = 98.9 U/cm3 and 
distinct mass diffusivities (in cm2/s): (a) D = 1.0 u 105, 1.0 u 104, 1.0 u 103; and (b) D = 1.0 u 102, 1.0 u 101, 5.0 u 101. 
In convective-dominant scenarios (i.e. for D d 103 cm2/s), Fig. 1(a) shows no clear effect in LBM-simulated 
breakthrough curves when Dirichlet inlet condition is replaced by Danckwerts counterpart. This is expected because 
Eq. (7) becomes Eq. (6) as D o 0 or, equivalently, because Eq. (19) turns into Eq. (17) as Pem o f. Distinctions 
between simulated breakthrough curves become evident in diffusive-dominant scenarios (i.e. for D > 103 cm2/s). As 
Fig. 1(b) shows, curves simulated under Dirichlet inlet condition were shifted to the left whereas those simulated by 
using Danckwerts condition were shifted to the right. One might explain those shifts by claiming that the diffusive 
term in Danckwerts condition becomes so dominant that species are spread straight away at the column inlet. 
244   José A. Rabi and Eliana S. Kamimura /  Procedia Engineering  157 ( 2016 )  238 – 245 
Indeed, diffusion spreads species in both forward and backward directions in 1-D mass transport. As side effect, 
the saturation ‘plateau’, i.e. the part of breakthrough curve where I(L,t)/Iin o 1 (equivalently, where I(L,t) o Iin), 
becomes smoother than if species were solely transported by convection (besides adsorption-desorption phenomena 
throughout the column). Also, the slope of breakthrough curves smoothes as D increases. As a result, saturation is 
delayed, i.e. the instant when I(L,t)/Iin = 1 (equivalently I(L,t) = Iin) becomes shifted to the right. In contrast, as 
Dirichlet condition has no diffusive term, spreading effects are absent at column inlet and saturation is anticipated, 
i.e. the breakthrough curve becomes shifted to the left. 
Although the “S” shape of breakthrough curves was reproduced in simulations, the maximum adsorption capacity 
Tmax = 98.9 U/cm3 could be undervalued as discussed in [14]. This can be evidenced by the fact that saturation was 
anticipated with respect to experimental data, particularly in simulations using lower diffusivities D in Fig. 1(a) as 
well as under Dirichlet inlet condition in Fig. 1(b). 
As an attempt to numerically delay saturation, further simulations were performed by adopting Tmax = 138.5 
U/cm3 while using the same mass diffusivities D tested in previous LBM simulations. As mentioned, this trial Tmax 
was the largest value tested in [27]. By adopting Tmax = 138.5 U/cm3 while imposing either Dirichlet or Danckwerts 
condition at column inlet, Figs. 2(a) and 2(b) compare experimental breakthrough curves [18] with LBM-simulated 
counterparts. By comparing Fig. 2(a) with Fig. 1(a), a delay of few minutes is indeed noted regarding saturation. 
Some delay is equally observed in Fig. 2(b) but dissimilarities between experimental data and LBM simulations 
suggest that BAC parameters still demand fine-tuning. 
 
(a) 
 
(b) 
 
Figure 2. Experimental [18] and LBM-simulated breakthrough curves (with Danckwerts or Dirichlet inlet condition) for Tmax = 138.5 U/cm3 and 
distinct mass diffusivities (in cm2/s): (a) D = 1.0 u 105, 1.0 u 104, 1.0 u 103; and (b) D = 1.0 u 102, 1.0 u 101, 5.0 u 101. 
At this point, it is worth recalling that trial variations in the kinetic coefficients kads and kdes were not tested and the 
same applies to bed porosity H. However, a thorough study on the best-fit of BAC parameters falls beyond the scope of 
the present work and it is left for future publication. 
5. Conclusions and future work 
Mathematical models for the load step of biospecific affinity chromatography (BAC) are complex enough to 
require numerical solutions and lattice Boltzmann method (LBM) comes forward as an interesting and powerful 
technique. As the governing differential equation for species (i.e. adsorbate) concentration in the solid phase lacks 
partial derivatives with respect to the spatial coordinate, the corresponding streaming step was suppressed in the 
LBM simulation code with no loss of functionality. By using different mass diffusivities, the expected “S” shape of 
breakthrough curves was reproduced in LBM simulations by imposing either Dirichlet or Danckwerts condition to 
the fluid-phase species concentration at the column inlet. 
In convective-dominant scenarios (D d 103 cm2/s) no practical effect was verified in numerically simulated 
breakthrough curves when either Danckwerts or Dirichlet condition is imposed at column inlet. Distinctions became 
clear in LBM simulations performed with high diffusivities (D > 103 cm2/s). In those diffusion-dominant scenarios, 
breakthrough curves simulated under Dirichlet condition were shifted to the left (i.e. saturation was anticipated) 
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whereas those under Danckwerts condition became shifted to the right (i.e. saturation was delayed). In diffusion-
dominant scenarios (D > 103 cm2/s), Danckwerts condition should be imposed as experimental breakthrough curves 
were better simulated than under Dirichlet inlet condition. 
As far as future developments are concerned, BAC model framework will be cast into dimensionless form so as 
to lump concomitant influencing effects into fewer dimensionless parameters. Moreover, the implementation of 
best-fitting routines into the LBM simulation code is currently under way. 
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